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Abstract. We examine the role of rare species in the problem of estimating withinhabitat species richness based on sampling data. Richness estimation can be modeled realistically for abundance-based and incidence-based data using Poisson or binomial mixtures, respectively. The problem can be reduced to estimation of the odds of the probability
of a species remaining undetected in the sample or sample set. Within this rigorous statistical
framework, we explore existing methods of richness estimation and assess their limitations.
We do this by modeling the addition of increasing numbers of rare, undetected species to
a reference assemblage, assessing the power of different methods to distinguish the modified
species assemblages from the reference assemblage. (We use empirical example data sets
for birds, seeds, and beetles as reference assemblages.) By considering the contributions
of rare species and the role of undetected species for a fixed sampling effort, we show why
the problem of richness estimation is so difficult, and we discuss what statistical models
can provide.

INTRODUCTION
The concept of species rarity in ecology and biogeography takes many forms, depending primarily
upon spatial and temporal scale (Fisher et al. 1943,
Preston 1948, Rabinowitz 1981, Gaston 1994, Magurran 2004). We will consider rarity at the habitat level,
in the context of alpha diversity (Whittaker 1972) and
the estimation of local species richness from sampling
data.
With the exception of thorough biotic surveys in
isolated, species-poor habitats, it is routine in species
inventory work to find that, even after intensive sampling, some species are represented by only one or two
individuals (singletons or doubletons) or are detected
in only one or two samples in a replicated sample set
(uniques or duplicates) (Colwell and Coddington
1994). Often, enlarging the sample (or sample set)
yields additional individuals of these rare species, moving them into higher abundance or occurrence classes,
but at the same time reveals additional species that now
represent new singletons and doubletons or uniques and
duplicates. These are the workings of Preston’s demon,
the moving ‘‘veil line’’ between detected and the undetected species as sample size increases (Preston
1948).
For example, in a multiyear study of the insect herbivores of a selected set of plant species in New Guinea,
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Novotny and Basset (2000) found that 278 of the 1050
insect species recorded (26%) were singletons, based
on more than 80 000 individual insects. When a single
host-plant species was considered, 45% of the leafchewing or sap-sucking insect species were singletons.
Recent microbial inventories, made possible by molecular tools, have revealed an astonishing richness of
species (however defined), with even more astonishing
proportions of singletons, sometimes reaching more
than 90% (Hughes et al. 2000, Falkowski and de Vargas
2004).
What do rare species mean, in inventory data? Biologists have long suspected that rare species in many
assemblages are a mix of genuinely rare, ‘‘persistent’’
or ‘‘resident’’ species and ‘‘transient’’ or ‘‘occasional’’
species that may be common elsewhere (Magurran and
Henderson 2003). In the most extensive local inventory
of tropical ants on record, Longino et al. (2002) carried
out a replicated, multimethod sampling campaign over
many years at a Costa Rican rain forest site. Fig. 1
shows the results in the form of a species accumulation
curve (a sample-based rarefaction curve [Gotelli and
Colwell 2002]). Even when all samples are pooled, the
numbers of uniques and duplicates are barely declining,
as rarer and rarer occurrence classes come to light.
Longino et al. (2002) considered the 51 uniques (12%
of the total 437 species) individually and classified
them as geographical edge species (14 species, known
to be common elsewhere but rare at the site), methodological edge species (six species, probably common
at the site, but not susceptible to the survey methods
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FIG. 1. Species accumulation (sample-based rarefaction)
curve for rain forest ants. The lower curves show the number
of species detected in only one sample (uniques) and in exactly two samples (duplicates). Note that rare species continue
to accumulate even after more than 8000 samples have been
pooled (Longino et al. 2002).

used), globally rare species (25 species, known elsewhere but not common anywhere), or globally unique
species (known only from a single sample at the site,
and nowhere else on earth).
Whatever the explanation for their rarity, the presence of substantial numbers of rare species in sampling
data suggests that the inventory is incomplete—that
the true species richness for the study habitat includes
undetected species. What are the prospects for accounting for those undetected species statistically? Can
we tell if an inventory is complete, or nearly so? In
this paper, we explore these questions in the context
of a statistically rigorous sampling model.
A FRAMEWORK

OF

MIXTURE MODELS

Two kinds of data
Consider an assemblage with a true richness of S
species. The ith species has a true relative abundance
fi for i 5 1, 2, . . . , S, with SSi51 fi 5 1. In the estimation
of the species richness S, two general classes of sampling data may be distinguished: abundance-based data
and incidence-based data. The simplest form of abundance-based data is a single, multispecies sample, in
which the number of individuals from each species
found in the sample is recorded. The number of individuals from the ith species Yi will be treated as a
Poisson random variable with a mean parameter li,
called the detection rate. The detection rates li depend
on the relative abundances fi, the probability of an
individual being detected when it is present, and the
sample size (the number of individuals), which, in turn,
is a function of the sampling effort.
Incidence-based data, in the simplest case, consist
of a set of multispecies samples (from timed observations, quadrats, traps, lures, seines, dredge hauls,
mist nets, or other replicated sampling units) for which
only the detection or nondetection of species in each
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sample is available. Let pi be the detection probability
of the ith species. Let Yi be the number of samples in
which the ith species is detected, which is a binomial
random variable. We will use the detection odds li 5
pi 5 (1 2 pi) for incidence-based data. The detection
odds li depend on the relative abundances fi, the probability of a species being detected when it is present,
the sampling design (e.g., quadrat size), and on nonrandom, species-specific aggregation or disaggregation
or individuals among samples (Colwell et al. 2004).
The Yi will be called frequencies for both kinds of
data. If Yi 5 0, the ith species does not appear in the
sample (for abundance-based data) or sample set (for
incidence-based data). (In statistical terms, an incidence-based sample set is treated as a single sample,
but we will use the term ‘‘sample set’’ for such data,
to conform to ecological terminology.) We will assume
that if the detection is imperfect, then the effect of
imperfect detection does not vary across individuals or
species. Thus, for a fixed sampling effort, the detection
rates/odds li depend only on the relative abundances
fi, in the sense that a large/small fi corresponds to a
large/small li. The homogeneous case means that the
fi and the li are identical, which is rarely, if ever, true.
The heterogeneous case, in which the fi and the li are
allowed to vary across species, will be the focus of this
article.
An empirical data set can be summarized in terms
of the counts nx, where nx is the number of frequencies
Yi that equal x. Thus n0 is the number of undetected
species, n1 is the number of singletons, and n2 is the
number of doubletons, etc. (For incidence-based data,
the n1 are often called uniques and the n2 are called
duplicates [Colwell and Coddington 1994]). The observed richness n1 5 Sx$1 nx is the number of species
detected in the sample (for abundance-based data) or
sample set (for incidence-based data), from among the
S species actually present.
For example, Janzen (1973) collected an abundancebased data set on tropic beetles; Norris and Pollock
(1998) analyzed an abundance-based avian dataset
(1995 census data for the Wisconsin route of the North
American Breeding Bird Survey); and Butler and Chazdon (1998) recorded the species of tropical plants
emerging from seed-bank samples, which we treat here
as a replicated, incidence-based sample set. In the beetle data, n1 5 78 species were detected and the nonzero
observed counts are n1 5 59, n2 5 9, n3 5 3, n4 5 2,
n5 5 2, n6 5 2, n11 5 1; (Chao and Shen [2003] also
analyzed this classic data set). In the bird data, n1 5
72 species were detected and the nonzero observed
counts are n1 5 11, n2 5 12, n3 5 10, n4 5 6, n5 5 2,
n6 5 5, n7 5 1, n8 5 3, n9 5 2, n10 5 4, n12 5 1, n13
5 1, n14 5 1, n15 5 2, n16 5 1, n18 5 2, n25 5 1, n29 5
1, n30 5 1, n32 5 1, n39 5 1, n44 5 1, n53 5 1, n54 5 1.
In the seed-bank data, n1 5 34 species were detected
among 121 soil samples and the nonzero observed
counts are n1 5 3, n2 5 2, n3 5 3, n4 5 3, n5 5 1, n6
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5 5, n7 5 1, n8 5 1, n9 5 3, n10 5 1, n11 5 2, n13 5
1, n17 5 1, n24 5 2, n43 5 2, n47 5 1, n52 5 1, n61 5 1.

The mixture models
In the model for abundance-based data, Yi is a Poisson random variable with detection rate li. In the incidence-based model, Yi is a binomial random variable
with detection odds li. Let T be the number of samples
in an incidence-based data set. A Poisson/binomial density can be written as
 ly

 y!e
g ( y; l) 5 
 1Ty 2 (1 1l l)

(abundance-based)

l

y



T

(incidence-based)

gH(y) 5 p1g(y; j1) 1 p2g(y; j2) 1 · · · 1 pGg(y; jG).
where each term in the summation represents the contribution to the mixture from one of the G homogeneous
species groups. The model gH(y) includes not only detected (Yi . 0), but undetected (Yi 5 0) species. To
model real data, we need a density for only the detected
species. Given n1 observed species, the density of those
Yi . 0 is a zero-truncated mixture of Poisson or binomial distributions:

gH(x)/[1 2 gH(0)]

x $ 1.

This can be written as a mixture fQ(x) of truncated
Poisson/binomial densities as follows:

gH(x)/[1 2 gH(0)] 5 fQ(x)

x$1

where Q is a derived latent distribution (taking zero
truncation into account) that has the same support
points as the latent distribution H, but requires adjusted
mixing weights Ãk. To be specific, we define

f Q (x) 5 Ã1 f (x ; j 1 ) 1 Ã2 f (x ; l 2 ) 1 · · ·
1 Ã G f (x ; j G )

f (x ; l) 5

(1)

x$1

g (x ; l)
1 2 g (0; l)


lx
x!(e 2 1)


5
 1Ty 2 (1 1 ll)

(abundance-based)

l

(2)

x



Ãk 5

T

21

(incidence-based)

Sp k [1 2 g (0; j k )]
1 2 g (0; j k )
5
p .
S[1 2 gH (0)]
1 2 gH (0) k

(3)

As a probability density, f (x; l) is defined only for
x $ 1. For notational convenience, we will use f (0; l)
5 g(0; l) 5 (1 2 g(0; l)), which is not a probability,
but it is the odds of a species being undetected if this
species has detection rate/odds l. Note that f (0; l) goes
to infinity as l goes to zero at the same rate as 1/l,
because it is clear that

B 5 lim l f (0; l)
l→0



l
51
e 21


5
 lim (1 1 ll)
lim
l→0

 l→0

l

T

1
5
21
T

(abundance-based)
(4)
(incidence-based).

This fact will be used in later discussion. As seen from
the first equality in Eq. 3, the mixing weight Ãk is the
group relative expected observed richness in the sense
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where y $ 0 is a possible value of Yi. Note that we use
the term density for the probability mass function
throughout this paper. We will assume that l1, l2, . . . ,
lS arise as a sample of identically and independently
distributed random variables from a latent distribution
H(l). For incidence-based data, this is equivalent to
the assumption that the detection probabilities pi also
arise as a random sample from a latent distribution.
Such a model is called a mixture model because the
unconditional distribution of the frequencies Yi is a
mixture of Poisson or binomial distributions.
In a finite mixture model, the latent distribution H
is discrete over G values of parameter l (the support
points jk), with mixing weights pk, k 5 1, 2, . . . , G.
This means that if one selects one of the li randomly,
then the probability that it equals jk is pk. There is
another biological interpretation of a finite mixture
model. An assemblage consists of G groups of species,
called homogeneous groups. Within each group, the
species share the same detection rate/odds, called the
group detection rate/odds. The mixing weight is the
group relative richness: the number of species in group
k divided by S, the total species richness in the assemblage. Fig. 2 illustrates an assemblage of 20 species
with four homogeneous groups.
Thus, we treat the frequencies Yi as a sample from a
Poisson or binomial mixture, which we can specify as

FIG. 2. Four homogeneous groups comprising an assemblage of S 5 20 species. The group detection rates/odds jk
and the group relative richness pk are indicated in the figure.
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TABLE 1. An example assemblage from 1995 census data for the Wisconsin route of the North
American Breeding Bird Survey.

k
Parameter

1

2

3

4

5

jk
pk
vk

2.1328
0.5407
0.5717

7.2628
0.2117
0.1974

13.6913
0.1362
0.1269

30.3418
0.0646
0.0602

48.7918
0.0469
0.0437
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Notes: The total species richness in this assemblage is S 5 77. We present the support points
jk and mixing weights pk of the latent distribution H and vk of the derived latent distribution
Q. The derived latent distribution Q is the nonparametric maximum-likelihood estimate of the
bird data set. H and S are calculated from Q and the observed richness.

that it is the ratio of the expected number of detected
species in the kth homogeneous group over the total
expected number of detected species from the assemblage. We will identify latent distribution H with the
set of parameters j1, j2, . . . , jG and p1, p2, . . . , pG
and identify the derived latent distribution Q with the
set of parameters j1, j2, . . . , jG and Ã1, Ã2, . . . , ÃG.
Table 1 is an example assemblage.
The abundance structure (for abundance-based data)
or incidence structure (for incidence-based data) of an
assemblage is determined by the total species richness
S, the number of homogeneous groups G, the group
relative richness pk, or equivalently the group relative
expected observed richness Ãk, and the group detection
rates/odds jk. Because these parameters are allowed to
vary, finite mixture models can provide a good approximation to many real assemblages.

There are parametric mixture models (Fisher et al.
1947, Burnham 1972, Ord and Whitmore 1983, Sichel
1997, Dorazio and Royle 2003). For example, H can
be a gamma distribution H(l; a; s) or a beta distribution
H(p; a, b) (on the detection probability p), where

E
E

l

H (l; a, s) 5

0

H ( p; a, b) 5

0

p

1
z a21 e 2z/s dz
s aG(a)
G(a 1 b) a21
z (1 2 z) b21 dz.
G(a)G(b)

One can find a discrete latent distribution H that approximates a continuous gamma/beta distribution.
Most importantly, the mixture fQ(x) of zero-truncated
Poisson/binomial densities from the continuous distribution and that from its discrete approximation can be
very close; see Fig. 3.

FIG. 3. A continuous latent distribution approximated by a discrete latent distribution. The top left panel presents a
gamma distribution H(l; 2, 3) and a discrete latent distribution. The bottom left panel presents a beta distribution with H(p;
1.5, 2) and a discrete latent distribution. The mixtures of the gamma distribution and its discrete approximation are presented
in the top right panel. The mixtures of the beta distribution and its discrete approximation are presented in the bottom right
panel. For the Poisson case, only fQ(x) with x # 20 are plotted; for the binomial case, T 5 20.
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The probability of observing a particular set of frequencies Yi (a particular pattern of abundances or presences), called the joint density of the frequencies Yi, is

P g ( y ) 5 P g ( y).
S

i51

H

i

y$0

ny
H

There are S!/(Px$0 nx!) ways to get the same counts nx
with x $ 0 from the Yi (note that this number includes
the count for undetected species n0). Because n0 1 n1
5 S, the density of the counts, as the full likelihood of
the parameters S and H, becomes

L1 (S, H ) 5

S!
(S 2 n1 )!

P n !g

S2n1
H

(0)

x

x$1

P g (x).

x$1

nx
H

The observed counts nx with x $ 1 are called sufficient
statistics because they contain all the information available for us to make statistical inference. The conditional likelihood of the observed counts given the observed species richness depends only on the latent distribution Q,

n1!
nx!

x$1

nx

x$1

H

x

x$1

(6)

H

Note that L1(S; H) 5 L2(Q)L3(S; H), where L3(S; H) is
the density of n1:

L 3 (S, H ) 5

S!
g S2n1 (0)[1 2 gH (0)] n1
(S 2 n1 )! n1! H

(7)

which is called the marginal likelihood.

Predicting the number of undetected species
The key to estimating the true richness S from the
sample data lies in modeling the undetected species, n0.
If we knew the latent distribution H, estimation of the
species richness would be straightforward. The maximum likelihood estimator for S is the integer part of

Ŝ 5 n1 1 n1gH(0)/[1 2 gH(0)]

(8)

which maximizes the marginal likelihood L3(S; H) in
Eq. 7 and linearly depends on H only through the odds
of a species being undetected:
a 5 gH(0)/[1 2 gH(0)].

We can write a as a(Q), because it is easy to show that

O Ã f (0; j ).
G

a(Q) 5

k51

k

k

Various statistical methods have been applied toward
estimation of the species richness S. Bunge and Fitzpatrick (1993) presented a comprehensive review; also
see Colwell and Coddington (1994). Here we will summarize various methods from the point of view of mixture models, and in particular, we will include new
developments in the last ten years. Each procedure can
be thought to provide an estimator for a, the odds of
a randomly selected species being undetected. If a procedure produces an estimator Ŝ for S directly, then we
can write an estimator for a as â 5 Ŝ/n1 2 1.
Although Q is unknown, fQ(x) can be estimated by
the sample proportion f̂ (x) 5 nx/n1, where f̂ (x) is called
the empirical density. If a parameter is a function of
the fQ(x), then we can estimate it by replacing fQ(x) with
f̂ (x). To see this, consider, for example, a parameter
aML and its estimator âML,
a ML 5 a ML (Q) 5 A
â ML 5 A

f Qnx (x)

x$1

1

Statistical estimation methods

(9)

Note that n1a for a fixed a predicts the number of
undetected species n0. Because a is unknown, the problem is reduced to estimation of a.

f Q2 (1)
2 f Q (2)

f̂ 2 (1)
n2
5A 1
2 f̂ (2)
2n1 n2

(10)

where A 5 1 (abundance-based) or A 5 1 2 1/T (incidence-based).
The unfortunate fact is that the odds a cannot be
written as an explicit function of the fQ(x). There are
two general recipes toward estimation of a. The first,
termed the approximation recipe, means that one finds
some parameter a# that is an explicit function of the
fQ(x) and is assumed to be close to a under certain
situations. The estimator â# will be used as an estimator
for a. The parameter aML in Eq. 10 is such an example.
It was shown in Mao and Lindsay (2003) and Mao
(2004a) that for all assemblages, we have aML # a,
with aML 5 a for the homogeneous case. This means
that aML is a universal lower bound for a. Chao (1984)
obtained aML for the abundance-based data and Chao
(1989) applied it to the incidence-based data without
the factor A 5 1 2 1/T, which is close to one for a
large T. Many estimators for a that are well-known to
ecologists, under the name of nonparametric estimators, in the sense that f̂ (x) is a nonparametric estimator
for fQ(x), can be thought to be based on the approximation recipe, although the original logic that leads to
the development of an estimator might be something
else and the development might be done in a different
model (Burnham and Overton 1978, Darroch and Ratcliff 1980, Smith and van Belle 1984, Zelterman 1988,
Chao and Lee 1992, Lee and Chao 1994).
The second strategy, termed the plug-in recipe,
means that one finds an estimator Q̂ for the latent distribution Q and then plugs the elements of Q̂ (Eq. 1)
into Eq. 9 to yield an estimator for a. This is also
equivalent to estimating the latent distribution H. Because estimation of the latent distribution Q or H in-
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P P
n !
g (x)
5
P n ! P [1 2 g (0)] .

L 2 (Q) 5
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volves complicated iterative algorithms, the plug-in
recipe is less known and less used in ecology, although
several estimation procedures have been proposed
(Burnham 1972, Efron and Thisted 1976, Ord and
Whitmore 1986, Mingoti and Meeden 1992, Norris and
Pollock 1996, 1998, Pledger 2000, Dorazio and Royle
2003, Mao 2004a, b, Mao et al., in press).
Among various Q/H-estimation procedures, the ones
that maximize either the full likelihood L1(S, H) in Eq.
5 or the conditional likelihood L2(Q) in Eq. 6 have been
addressed thoroughly. The nonparametric maximum
likelihood procedures in Norris and Pollock (1996,
1998) used L1(S, H) in Eq. 5. The nonparametric maximum likelihood procedures in Mao (2004a) used L2(Q)
in Eq. 6. The parametric maximum likelihood procedure for incidence-based data in Dorazio and Royle
(2003) used L1(S, H) in Eq. 5. The parametric maximum
likelihood procedure for the abundance-based data in
Efron and Thisted (1976) used a conditional likelihood
similar to L2(Q) in Eq. 6.
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THE ROLE

OF

RARE SPECIES

IN

INFERENCE

Rare species are interpreted here as those with small
relative abundances fi, which in turn result in small
detection rates/odds li. To see how the existence of
rare species will affect statistical inference on the total
species richness, we will consider fixing an assemblage, called a reference assemblage, and compare it
with a modified assemblage, which differs from the
reference assemblage by an additional group of species
that have a small detection rate/odds. We will denote
the reference assemblage as C 5 {S, H} or C 5 {S,
Q} and the modified assemblage by C* 5 {S*, H*} or
C* 5 {S*, Q*}, where the relative species richness,
the relative expected observed richness, and the detection rate/odds of the additional rare species group are
*, respectively. For each spedenoted by p0, Ã*
0 , and j0
cies group in the reference assemblage, its group relative richness and group relative expected observed richness in the modified assemblage have been changed by
the addition of the rare species group, as specified by
j*k 5 j k

k 5 1, 2, . . . , G.

(11)

Fig. 4 illustrates a reference assemblage and a modified
assemblage.
The expected number of species that have frequency
x from the kth homogeneous group equals the number
of species in the group, Spk, times the probability g(x;
jk) that a species has frequency x. The expected number
of species that have the frequency x from the reference
assemblage C is

O Sp g (x; j )
G

E{nx z C} 5

k51

k

k

FIG. 4. A reference assemblage and a modified assemblage. Each species group is put in a small box. The modified
assemblage has an additional rare species group. The group
relative richness changes for a species group in the reference
assemblage while the group detection rate/odds is kept the
same.

O Ã f (x; j )
G

E{nx z C} 5 E{n1 z C}

k51

k

k

x $ 0.

(12)

Because going from the reference assemblage C to the
modified assemblage C*, we add a group of rare species, we can write the difference as

E{nx z C*} 2 E{nx z C} 5 (S* 2 S)g (x ; j*)
0
5 E{nx z C*}Ã*0 f (x ; j*)
0

x $ 0.
Note that Ã0* is the ratio of the expected number of
species being detected from the additional rare species
group over the total expected number of species being
detected from the modified assemblage, that is,
Ã*0 5

E{n1 z C*} 2 E{n1 z C}
E{n1 z C*}

(13)

which can be reformulated to

p*k 5 p k (1 2 p0*)

Ã*k 5 Ã k (1 2 Ã*)
0
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x ^ 0.

From Eqs. 2 and 3, and the fact that S{1 2 gH(0)} 5
E{n1 z C}, we can write the following:

E{n1zC*} 2 E{n1zC} 5 E{n1zC}Ã*/{1
2 Ã*}.
0
0

(14)

Due to Eq. 14, we can write Eq. 12 in terms of E{nx z C},
a quantity determined by the reference assemblage, and
Ã*
*, the relative expected observed richness and
0 and j0
the detection rate/odds of the rare species group, respectively:
Ã*0
f (x ; j*)
0
1 2 Ã*0
(x $ 1)
(15)

E{nx z C*} 2 E{nx z C} 5 E{n1 z C}

E{n 0 z C*} 2 E{n 0 z C} 5 E{n1 z C}

Ã*0
f (0; j*).
0
1 2 Ã*0
(16)

The right-hand side of each of Eqs. 14, 15, and 16
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Example 1 of modified assemblages.

m

2

10

50

100

1000

2000

5000

Reference

a
En1
En0
En1
En2
En3
En4
En5

0.30
84.76
25.24
21.21
14.65
9.54
5.80
3.76

0.47
74.91
35.09
14.19
12.30
9.13
5.75
3.76

0.52
72.43
37.57
11.85
12.15
9.12
5.75
3.76

0.53
72.10
37.90
11.53
12.15
9.12
5.75
3.76

0.53
71.81
38.19
11.24
12.15
9.12
5.75
3.76

0.53
71.79
38.21
11.22
12.15
9.12
5.75
3.76

0.53
71.78
38.22
11.21
12.15
9.12
5.75
3.76

0.07
71.77
5.23
11.20
12.15
9.12
5.75
3.76

Notes: The modified assemblage C(m) is obtained by adding to the latent distribution H (the
5 1/m with a mixing weight p0(m) 5 0.3
reference assemblage) in Table 1 a support point j(m)
0
so that S(m) 5 110. We present the odds a, the expected observed richness En, and the expected
counts Enx for x 5 0, 1, 2, 3, 4, 5.

stands for the contribution to the expected count or the
expected observed species richness from the rare species group. From Eqs. 14 and 15, if the relative expected observed richness of the rare species group
Ã*
0 is small enough, then the contribution from the
added rare species group to the expected observed richness or any expected observed count can be as small
as possible, that is, for x $ 1, when Ã0* ø 0,
0 # E{nx z C*} 2 E{nx z C}

This means that, with the same sampling effort, empirically one can not tell whether the data are generated
from the reference community C or from the modified
community C*. On the other hand, when both Ã0* and
the detection rate/odds j*
0 of the rare species group are
small, using Eq. 4, we can write Eq. 16 as

E{n 0 z C*} 2 E{n 0 z C} 5 E{n1 z C}[ j*0 f (0; j*)](
Ã*/
0
0 j*)
0
ø E{n1 z C}B (Ã*/
0 j*).
0

One can easily find Ã0* and j*
0 such that the contribution
from the rare species group to the expected unobserved
count can be as large as possible, for example, using
*
Ã*
* with Ã*
0 and j0
0 5 Ïj0 and j*
0 ø 0.
The different contributions to the expected observed
counts and the expected unobserved counts from the
additional rare species have profound consequences in
statistical inference on the odds a and the estimation
of the species richness S. From Eqs. 1, 9, and 11, we
can also obtain

O zf

x$1

Q*

(x) 2 f Q (x)z 5 Ã*0

O z f (x; j*) 2 f (x)z

x$1

0

Q

# 2Ã*0

(17)

a(Q*) 2 a(Q) 5 Ã*0 f (0; j*)
2 Ã*0 a(Q)
0
ø BÃ*/
0 j*
0

(18)

where the approximation in Eq. 18 holds when both
Ã0* and j0* are small.
Eqs. 17 and 18 suggest that the estimation procedures
based on either the approximation recipe or the plugin recipe might have trouble producing useful results.
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# E{n1 z C*} 2 E{n1 z C} ø 0.

For a procedure based on the approximation recipe, for
example, for aML in Eq. 10, we will have aML(Q*) ø
aML(Q) as Ã0* ø 0. If aML(Q) ø a(Q), then aML(Q*) ø
a(Q) and aML(Q*) can never be close to a(Q*). The
same logic applies to all estimators based on the approximation recipe. There is no such parameter a# for
a such that a# is close to a for all latent distributions.
Consider any procedure that estimates the latent distribution Q. Even if Q fits a data set well, then, because
of Eq. 17, when Ã0* is small enough, Q* should also
fit the same data as well as Q and numerically either
Q* or Q might provide a fit slightly better than the
other. However, the estimators for a obtained from Q*
and Q will be dramatically different so that estimation
of a by plug-in might produce extremely large values.
A theoretic consequence for confidence intervals is
that, for a confidence interval, for either the odds a or
the species richness S, to achieve its advertised confidence level, the upper confidence limit must often
infinite.
As an illustration, the assemblage in Table 1 has S
5 77 species, taken to be the true, complete reference
assemblage. We will consider a sequence of modified
assemblages C(m) 5 {S(m), H(m)} with corresponding derived latent distribution Q(m), that are parameterized by
m. Table 2 and Fig. 5 show two sequences of modified
assemblages. In Table 2, the last column (reference)
shows the expected counts and observed species richness for the reference assemblage. To create the modified assemblages in Table 2, we add a fixed number
of rare species (33, so that S(m) 5 110), with a fixed
mixing weight p(m)
0 . We then vary the support point
for
the
added
species according to j0(m) 5 1/m so
j(m)
0
(m)
that Ã0 also becomes smaller as m gets larger, with
m ranging from 2 to 5000, to explore the effect of
adding rarer and rarer species. (The function j(m)
0 5 1/ m
is just a convenient way to vary j(m)
based on the
0
index m.) When j(m)
is large (e.g., m 5 2, j(m)
5 0.5),
0
0
the added species are reflected in the expected counts
for the observed species (e.g., the expected singletons
En1 goes from 11.20 to 21.21), and thus in the expected
number of observed species En1 (which rises from
71.78 to 84.77). But as j(m)
0 becomes smaller and smaller
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FIG. 5. Example 2 of modified assemblages. Reference (C ) and modified (C(m)) assemblages with a variable number of
added rare species, variable mixing weight, and variable support point for the rare species group. The modified assemblage
C(m) is obtained by adding to the derived latent distribution Q in Table 1 a support point j(m)
5 m23/2 with a mixing weight
0
21
(m)} and the expected counts E{ n z C(m)} for x 5 0, 1, 2, . . . , 5 are plotted.
Ã(m)
0 5 m . The expected observed richness E{ n1z C
x
The points not on the curves are for the reference assemblage, but each is linked to a curve by dotted lines. The ordinates
are logarithmically scaled.

(index m becomes larger and larger), the expected observed counts (and thus the expected observed richness) for the modified assemblages converge on the
expected observed counts for the reference assemblage.
Meanwhile, the number of undetected species En0 rises
asymptotically to a constant, as reflected in the odds
against detection a(Q(m)), which approaches an asymptote of 0.53.
This unsettling result is further illustrated in Fig. 5,
where we vary both j(m)
(by the arbitrary function
0
j(m)
5 m23/2) and mixing weight p0(m) (indirectly by the
0
arbitrary function Ã(m)0 5 1/m) , so that the true richness
of the modified assemblages S(m) is not constant, but
increases with m. The same qualitative pattern seen in
Table 2 emerges. The expected observed counts and
the expected observed richness for the modified assemblages converge on the expected observed counts and

the expected observed richness for the reference assemblage. Meanwhile the number of undetected species
and the odds against detection continue to rise (instead
of approaching an asymptote), because we have allowed the true richness of the modified assemblages to
increase with index m.
Table 3 presents aML in Eq. 10 calculated in the reference assemblage and modified assemblages that have
been considered in Table 2 and Fig. 5. While aML is
close to the true odds a in the reference assemblage,
there is a substantial difference between aML and a in
the modified assemblages. If a data set is generated
from the modified assemblage C(m), using aML will yield
a large bias. We can conclude that all nonparametric
estimators can have a large bias in the presence of rare
species because of Eqs. 17 and 18. The confidence
intervals based on the asymptotic normality of these

TABLE 3. The approximation parameter aML in Eq. 10 is compared with a in the reference
assemblage in Table 1 and modified assemblages in Table 2 (first pair of rows) and Fig. 5
(second pair of rows).

m
Parameter

10

50

100

1000

2000

5000

Reference

Tables 1 and 2
a
0.30
aML
0.18

2

0.47
0.11

0.52
0.08

0.53
0.08

0.53
0.07

0.53
0.07

0.53
0.07

0.07
0.07

Fig. 5
a
aML

3.18
0.19

7.13
0.09

10.07
0.08

31.70
0.07

44.79
0.07

70.78
0.07

0.07
0.07

1.22
0.77
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The two estimates Q̂ and Q̂# with rk 5 jk/(1 1 jk) (seed bank data).

k
Parameter

1

2

3

4

5

6

0
0.0545

0.0292
0.3179

0.0680
0.3940

0.1786
0.0866

0.3827
0.1138

0.4885
0.0332

···
···

0.0197
0.2889

0.0636
0.4752

0.1774
0.0889

0.3827
0.1138

0.4885
0.0332

Q̂
rk
vk

Q̂#
rk
vk

TABLE 5.

or zero support point, which makes the upper confidence limit extremely large. For example, the NPMLE
Q̂ for Q in the beetle data is presented in Table 5,
yielding an estimate a(Q̂) 5 3.29. We take 200 bootstrap resamples from the estimated conditional likelihood L2(Q̂). There are 14 resamples that produce the
NPMLE for Q with the smallest support point less than
1 3 1025, among which one has a zero support point.
The 95% conditional confidence interval for a is (1.71,
1 3 107). We remark that the numeric results of bootstrap might vary across different runs if one wishes to
run the algorithm again because they are random.
Clearly the upper confidence limit is useless. Because
the NPMLE for Q based on bootstrap resamples are
different in magnitude, a smoothed density of the random variable log a(Q̂) rather than a(Q̂) constructed
from the 199 resample estimates for a is presented in
Fig. 6. Note that the density of log a(Q̂) is still highly
skewed and has a long right tail, which means that there
is always a small but not negligible probability of obtaining a large value of log a(Q̂) or equivalently a large
value of a(Q̂). Note that because Ŝ 5 n1(1 1 a(Q̂)) is
simply a linear function in a(Q̂), the conclusions also
apply if we replace a(Q̂) with Ŝ.
CONCLUSION
The problem of estimating the species richness S has
long been a challenge to both statisticians and ecologists. We have attempted to provide an overview of the

The estimate Q̂ (beetle data).

k
Parameter

1

2

3

jk
vk

0.2252
0.8288

3.4105
0.1553

9.7892
0.0155

FIG. 6. The estimated density of log a(Q̂) based on the
resample.
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nonparametric estimators usually can not achieve their
advertised confidence level.
Consider calculating the nonparametric maximum
likelihood estimators (NPMLE) for the latent distribution Q in the seed-bank data and the beetles data
(Lindsay 1983a, b). The NPMLE Q̂ for Q that maximizes the conditional likelihood L2(Q) in Eq. 6 in the
seed-bank data is presented in Table 4, where we use
the detection probability instead of the detection odds,
and the group detection probability is denoted by rk 5
jk/(1 1 jk). Note that Q̂ has a support point at zero,
which means that an assemblage with infinitely many
rare species whose relative abundances are extremely
small is the most plausible one to generate such data.
Another likelihood-based estimate Q̂# is also presented
in Table 4, which is obtained by the EM algorithm
starting from the distribution that eliminates the zero
support point in Q̂. Both estimates fit the data very
well. While the log-maximized likelihoods log L2(Q̂#)
5 2113.55 and log L2(Q̂) 5 2113.24 are close to one
another, the estimates a(Q̂) 5 ` and a(Q̂#) 5 0.03 are
dramatically different: the former suggests there are
many undetected species while the latter suggests there
are few. The observed seed-bank dataset has relatively
few rare species (e.g., only three singletons and two
doubletons), suggesting that few species remain undetected, as indicated by Q̂#. But the NPMLE Q̂ suggests that there might be many rare species, because
the likelihood can be increased slightly by allowing
many additional rare species, as in Q̂. An estimator for
the odds a calculated from an NPMLE might be severely biased.
For some data sets, it is possible to have an NPMLE
for Q without a zero or tiny support point so that an
estimate for the odds a seems acceptable. However,
when one tries to construct confidence intervals for a
or S by means of bootstrap, there will usually be some
bootstrap resamples that yield an NPMLE with a tiny
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challenges inherent in estimating richness when many
rare species are known or suspected to be present. Our
conclusions may appear pessimistic, but we consider
it is important to explore the fundamental issues that
reflect on claims for estimators and confidence intervals, to caution against overoptimistic conclusions
from parametric models, and warn against the blind
applications of statistical methods, although such a
warning has been issued. For example, statistician I. J.
Good, one of the first to tackle this problem (Good
1953), later stated: ‘‘I don’t believe it is usually possible to estimate the number of species . . . but only an
appropriate lower bound to that number. This is because
there is nearly always a good chance that there are a
very large number of extremely rare species.’’ (Bunge
and Fitzpatrick 1993).
Although from typical empirical data, one cannot
exclude the existence of many rare species statistically,
it is nonetheless possible to infer, with mixture models,
how many species should exist at a particular confidence level, that is, to compute with rigor a lower
bound for the species richness S, other than the observed richness n1. Besides mixture models, all existing methods for estimation of S can be treated as improvements upon n1, the number of observed species,
which is a clearly negatively biased estimator for true
species richness S.
Using mixture models, it is also possible to estimate
rigorously, with confidence intervals, the expected increment in richness that would result from increasing
observed samples to two or three times their actual size,
without attempting to find a true asymptote (Colwell
et al. 2004, Mao et al., in press; see also Shen et al.
2003, for a different approach; in fact, it is not at all
clear that a true asymptote even exists, for some taxa
in some habitats, as discussed in the Introduction.)
Such an extrapolation, for many purposes in ecology
and conservation biology, will often represent a most
useful and welcome savings in time and resources. In
short, we do not counsel despair, but rather realistic
expectations and a cautious approach to inference.
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